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Calculation of Scattering by the Distorted Wave Born Approximation
Abstract
An approximate scattering theory that utilizes the exact solutions for spherical defects is being developed. A
defect of arbitrary shape can be represented by a sphere S and a remainder volume δv. By treating δv as a
perturbation, one obtains an approximate solution that contains non-trivial frequency dependence and phase
information. The approach is expected to be useful for studying defects with small but significant deviations
(such as sharp edges) from spherical shape.
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CALCULATION OF SCATTERING BY THE DISTORTED WAVE BORN APPROXIMATION 
Kathi.e E. Newman and Eytan Domany 
Department of Physics, University of Washington 
Seattle, Wa 98195 
ABSTRACT 
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INTRODUCTION 
The basic problem of defect characterization 
by ultrasonic techniques has received considetable 
attention in recent years. Two different but com-
plimentary aspects of the problem have been ap-
proached. These ·are known as the direct and in-
verse problems. The direct problem is that of cal-
culating the scattering of elastic waves from a 
known defect. The inverse problem is that of 
characterizing an unknown defect from a set of 
measured scattered waves. Obviously, these two 
are closely related. Solutions of either provide 
clues as to what measurements to perform and 
which features of the scattered power would be the 
most useful for defect characterization. 
Due to the considerable mathematical complex-
ity inherent in solving for elastic wave scatter-
ing, exact solutions are available for only a 
small number of scatterer geometries. This has 
led to the development of approximate solutions 
such as the Born Approximationl (BA) and the 
Quasi Static Approximation2 {QSA). The BA is 
useful for obtaining information on the angular 
distribution of frequency averaged power.3 How-
ever, it is known3 to yield quite unreliable 
frequency dependence for the scattered power. The 
QSA is exact in the long wavelength limit; recent-
ly suggested inversion procedures based on the 
frequency dependence (extrapolated to low fre-
quencies) show great promise4,5. The QSA is un-
fortunately limited to ellipsoidal scatterers 
for which exact solutions based on T-matrix e~­
pansion methods also exist6. Neither the BA nor 
the QSA are capable of calculating phase infor-
mation. 
In the investigation reported here we aim at 
filli~g various gaps in the existing approximate 
solut1ons. We hope to obtain an approximation 
scheme that will provide non trivial phase infor-
mat~on and more reliable ~requency dependence over 
a w1der range of frequenc1es. At the same time we 
aim at obtaining information about non elliptical 
defects. 
The motivation is quite obvious. Past ex-
~erience indica~es that the frequency dependence 
1s very useful 1n defect characterization3,7,8. 
Frequency dependence is also a much more flexible 
experimental tool than the study of angular distri-
bution, since a wide range of frequencies can be 
studied in a single (broad band) experiment. We 
believe that an efficient inversion procedure will 
have to build from reliable frequency information. 
Reliable frequency dependence of phase informationS 
should be also incorporated into an inversion pro-
cedure. Finally, since present models of inversion 
rely on representing a general defect by an effec--
tive ellipsoid, we feel that a generalization of 
the direct problem to non-ellipsoidal shapes is im-
portant. We hope to investigate the effects of 
sharp edges and surface roughness, topics that may 
be most relevant in the NDE context. 
THE DISTORTED WAVE BORN APPROXIMATION 
The DWBA is based on a perturbative solution of 
the scattering equation, wuch in the same way as the 
Born Approximation. However, while in the BA the 
unperturbed probllm (or zeroth order solution) is 
the incident wave (propagating in a homogeneous 
medium with no defect), the DWBA uses the solutions 
of the scattering problem for a spherical defectlO 
as the unperturbed zeroth order approximation: 
Thus, while the BA is exact only in the limit of 
vanishing difference between the properties of 
medium and defect, the DWBA has an additional 
"small parameter", i.e. a measure of the deviation 
of the defect from spherical. As shown below, in 
order to calculate the scattered wave within the 
DWBA, one needs the Green's function, gS, of an ~nfinite medium with a spherical defect. When gS 
1s approximated by the infinite medium Green's func-
tion g 0, we obtain an approximation expected to be 
of intermediate. quality between BA and DWBA. In 
this paper we present results based on the inter-l!l~.djate approximation.5 Work aimed at evaluating gS 1s 1n progress; when g is obtained. we hope to use 
it in the existing integration routines, thus ob-
taining the.DWBA. 
To present a precise statement of the ideas 
discussed above, consider the differential equation 
for the propagation of elastic waves in a medium, 
characterized by the (position dependent) elastic 
constants C;jkl and density p, given by 
2 
cijkluk,j.l + Pill ui = o (1) 
where ui is the displacement field and w the fre-
quency. Consider the geometry depicted in Fig. 1, 
i.e., 
ctr.l = c0 + eR(r.) o c • 
6Cr.l = P0 + eR(r)op (2) 
where e(r) = 1 if r e: R, and zero otherwise. The 
defect R is separated in!o two regions: a spherical 
one (S) and a remainder R, such that R = S + R. 
Then one can define es(r) and eR(.!:.) in a similar 
way, so that (see Fig. 1) 
(3) 
R=S+R 
Fig. 1 The defect R is represented as a sphere 
S and A "remainder" volume R. 
We can now consider as our unperturbed problem the 
case where only the spherical defect S is present. 
To do this, define 
cs<rl = c0 + es<rl oc 
ps(rl = P0 + es<rl op • 
and we can obviously write 
c <rl = cs <rl + ~<rl oc 
p(rl = Ps<rl + ~<rl op • 
(4) 
(5) 
Using now (5) in (1), the scattering equation takes 
the form 
If the right hand side vanishes, the solutions of 
this equation are the scattered waves by a spheri-
cal def~ct, obtained previously by various investi-
gators . These solutions have been programmed and 
are readily evaluated numerically. Pr§ceeding in 
a similar fashion as Gubernatis et al. , we obtain 
the integral equation 
ui <rl = u~(r) + op.J 2 f dr' g~m<r.r' )um(r') 
R 
- oCJ.klm f dr'g~J· k' <r.r' )ul m' (r') (7) 
• • • 
where u~(r) is the solution of the scattering prob-
lem witn a spherical defect only, i.e., 
s s 2 
cijkluk,jl + P w ui = o , (8) 
and g~ (r,r') is the Green's function in the prese~~e-of a spherical defect, i.e., 
c~jklg~m,jl <r.r' l + Ps w 2gim<r.r' l = - oimo<r-r' l. 
(9) 
Note that in equation (7) 
s ( I) _ d s ( I) gim,j I .!:.o.!:. - ar: gim .!:.o.!:. ( 10) 
J 
and that since c~.kl and ps are not translatio~ 
ally invariant, g~.(r.r') is not a function of 
r- r' only. The 1JDWBA consists of replacing 
u.(r') in the integrands on the right hand side of 
e~uation (7) by u~(r'): 
u~~!l = u~(r) + oPll 2 f dr'g~m<r.r' )u~(r') 
R 
DWB . S S To evaluate u. , we need the funct1ons u and g, 
and perform t~e integration over the region R 
numerically. The relative corrections to the Born 
approximation are of order RoC; to the DWBA of 
order oCR/S. This means that we introduced a geo-
metrical "small parameter", namely the deviation of 
the defect from spherical. We also hope to deter-
mine the "optimal sphere" to be used for ~reatment 
of various defects. Since the function g has not 
been calculated previously, we start by sesting up 
an intermediate approximation, replacing g in 
equation (11) by the infinite medium Green's func-
tion go. Since gS satisfies an equation of the 
form (schematic) 
gs =go+ f oCgogs 
s 
the error caused by replacing gs by g0 in (11) is 
of order RoC·SoC. This intermediate approximation 
is given by 
u~ u~ + opw 2 f dr'g~m(!:- r' )u~(r') 
R 
+ oC. kl f dr' g ~. k I. r - r') us1 m, ( r') J m - lJ, - - , -
1{ 
0 0 (where we used gim,j' =- gim,j). 
( 12) 
To calculate the scattered power and phase, 
the observation point r is taken to infinity; 
Asymptotic forms for uT<rl are found for the spher-
ical solution u~(r) (outside the integral only) 
and, in a manne~ ~imilar to Gubernatis et al. 9) for 
the Green's function. In the limit r ~ oo, the 
scattered wave can be written 
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u~catt~ eiar A. + eiBr B. 1 ---1 __ , 
r r 
I 
( 13) 
where a,B are the longitudinal and shear wave 
numbers respectively. A. and B. can be broken 
into a piece from the in~egral !nd a piece from the 
spherical solution, 
A1. = A~ + A~nt 1 1 
B. = B~ + B ~ nt ( 14) 1 1 1 
where A~nt and B~nt are given in general by 
Ai.nt : A A f ( ) 1 r.r .. a 1 J J -
B 1~nt = (li .. - r.r.)f.{B) lJ 1 J J - ( 15) 
and 
+ ikrj liCijkl I dV'uk,l'C!:.')exp (- ik".!:.' )1. (16) 
R 
F · "d + 1 · d · 1 1 A iaz or an 1nc1 en~ ongltu 1na p ane wave z e , 
s ' s A; and B; are calculated from the solution to the 
spherical problem10 
A~ = - ia l:(2m+l) A; Pm(cose) 1 m 
B~ = ia l: (2m + 1) B* dPm(cose) ( 17) 1 (11 m de 
where Am,Bm are defined by Johnson-Truell 10 
The longitudinal and shear differential cross 
sections are defined in the same way as Gubernatis 
et al.9 
dP R.(w) IA-12 
---cf1l 1 
The phase angles lig_ and lit are 
lmA. 
=--1 
ReA; 
( 18) 
defined from 
ImBi 
tan lit = ReB .. 
1 
{19) 
The results summarized in the following section are 
based on equations {18) and {19). 
RESULTS 
Prior to using the method we performed various 
checks. First we checked the accuracy of our nu-
merical integration procedure.ll To do this, we ·made 
use of the integral equation for an elastic wave 
uC? scattered off a sphere of radius a ; 
1 
(20) 
We employ the notation of Johnson and Truell, where 
the total displacement wave solution is given by 
u. ( r) 
1 -
u~(r) + u~(r) r > a J- 1-
(21) 
In the limit r ~ ~, the asymptotic form of the 
integral is gTven by 
and the asymptotic form of u.s(!_) for inciaent 
longitudinal plane wave by 1 
A.s eiar + 
1 - r 
B S i Br i e_ 
r 
(22) 
( 23) 
We thus can numerically compare A.s and- A.int and 
s . 1 1 
B. and -B. 1nt. Note that this comparison checks 
b6th numerlcal integration and the calculation of 
the expansion coeff~cienSs for the spherical func-
tion because the A; , B; use the.expansion out-
side the sphere and the Ailnt,B;lnt use the inside 
expansion. We were able.to reduce our numerical 
error to.~ 1% by choice of a sufficiently fine grid. 
As a check on the approximation method itself 
we evaluated the scattering by a large spherical 
defect, using a small sphere as the unperturbed 
problem. We considered two cases with incident 
longitudinal wave for both. 
1. Al Flaw ";n Ti, with a ratio of 2 between the 
radii of the two spheres. For example, this 
~mounts to calculating the scattering by a spher-
lcal defect of radius 40~, using the solution of 
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the scattering by a defect of 200~ as our zeroth 
order approximation .. , and treating the volume dif-
ference between the two spheres as a perturbation. 
Note that the volume of the perturbation defect is 
seven times the unperturbed defect volume! 
Thus the results presented below serve as a 
quite strong test on treatment of large volume 
deviations by our technique. The results for 
scattered power and phase as functions of ka,for the 
backscattered longitudinal wave are presented in 
Fig. 2, and for the mode converted shear wave {at 
goo) on Fig. 3. 
0 T------.,...-----. 
2. Spherical Cavity inTi -'Since the cavity con-
stituted a much stronger defect than an aluminum 
inclusion, we chose·to investigate a situation 
where radii of the actual defect and the one used 
as zeroth order approximation are closer, namely a 
ratio of 4/3. Still, this corresponds {see Fig. 1) 
to R/S = 1.37, i.e. we still deal with a rather 
large perturbation. The results for backscattered 
longitudinal and the mode converted shear wave at 
goo are shown in Figs. 4 and 5, as plotted versus 
ka, and on Fig. 6 and 7, for ka = 2, plotted vs 
the scattering angle. 
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backscattered wave, power and phase 
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shear wave scattered at a = 90 , power 
and phase versus ka for a ratio of radii 
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Fig. 7 Spherical cavity inTi: Longitudinal and 
mode converted shear waves, phase versus 
e for ka = 2 and ratio or radii of 4/3. 
3. Non-ellipsoidal defects - To demonstrate the 
applicability of our method for non ellipsoidal 
defects, we considered backscattering by an Al in-
clusion inTi, of the shape shown in Fig. 8. Three 
directions of incidence (of longitudinal waves) 
were studied, as also indicated on Fig. 8. The 
results for scattered longitudinal and shear power 
and phase are shown in comparison with that of a 
perfect sphere in Figs. 9-10. (No shear shown for 
sphere for backscattered.) 
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Fig. 8 
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Non-ellipsoidal defect: Three.directions 
of incidence of the longitudinal wave. 
Defect is rotationally symmetric about 
the a = 0 axis. 
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waves for three directions of incidence, 
phase versus ka. 
SUMMARY AND DISCUSSION 
We have developed an approximation method that 
can be used to study defects that are perturbations 
away from a spherical volume. We have found that 
this present theory constitutes a quite significant 
improvement over the Born Approximation. This is 
so in spite of the fact that we treat cases of 
large volume perturbations. The theory is not as 
good for the case of the cavity. This is reason-
able because the other small- parameters in the 
approximation (quantities like op/p)are not small, 
but 1. This provides strong motivation to calcu-
late the spherical Green's function and calculate 
with the DWBA. The DWBA is an expansion in both 
volume perturbations oV/V and parameters like op/p. 
To a given order in oV/V, all orders in op/p are 
included within DWBA. Thus reasonable results for 
cavities can be expected for small oV/V for DWBA. 
With this new approximation, investigation of 
non-ellipsoidal defects is now more feasible. Any 
shape that is a positive (larger volume) perturba-
tion away from a sphere can be investigated. With 
the inclusion of the complete spherical Green's 
function into the calculation, negative perturba-
tions from a sphere for inclusions will also be 
able to be handled. We intend to investigate a 
select class of interesting defects and continue 
in parallel with.the development and inclusion of 
the spherical Green's function into the calculation. 
We hope to also learn about possible applications 
of phase infonnation in classifying defects. 
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